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PREDICTION AND
EXPERIMENTAL TECHNIQUES

A SIMPLIFIED NONLINEAR METHOD FOR ESTIMATING
THE FATIGUE LIFE O ACOUSTICALLY
EXCITED PANELS

M. B. McGrath, P, J. Jones, S, R. Tomer
Martin Marietta Corporation
Denver, Colcrado

tests.,

of the stenderd S/N curve,

and test results ere presented,.

Present methods for calculating the fetigue iife of penels subjected to
short duretion, high intensity random acoustic excitation heve been shown
to compute expected fatigue life much shorter than that demonstreted by

A simple method besed on the "single mode approach” is presented
vhich includes nonlineer effects of membrene stresses due to large dis-
placements and an improved descriptic~ of the low cycle/high strese portion
A simple, economical computer program imple-
menting this method is included and comperisons of enelytical predictions

INTRODUCTION

Skin panels of aerospace vehkicles are of-
ten exposed to high intensity, short duration
rendom ecoustic nuise, Prediction of the
fetigue life of such penels has, in generel,
relied on the lineer "single mode epproach"
counled with Miner's cumuletive camage rule,
This design tool, either enelytical or in the
form of design cherts, severly under estimates
the fetigue life for ring frame, stringer type
panels which are designea for short ducation,
high intenaity acouatic excitation.

The parameters effecting the fatigue life
prediction of panels aubjected to acoustic ex-
citetion were investigited in an attempt to
obtain better correlation between simpl: ana-
lytical tectniques an¢ existing test data., The
parameters studied were boundary condi:tion,
curvature effects, preload, temperature, fun~
damental frequency, damping, variation of input
acoustic excitation, r mbrane effects and S/N
data interpretation, Of these the last two
were found to have a significant effect for
metallic ring frame. stringer panels designed
to survive high intensity acoustic excitation
fer short durations,

This pap > prescats an extension of the
"single mode roach" to include the effects
of nenlinear rusponse associated with large
displacements and an improved method of using
coaventional S/N data. A simple computer pro-
grom implementing this method is described und
a listing is included. The results of a sample
problem using both the linear and nenlinear

method are compared to test deta where excellent
agceement with the nonlineer method is obteined.

LINEAR METHOD

The fetigue life of e panel exposed to
ecoustic excitetion depends on the stress hia-
tory end the tolerence of the materiel to the
eccumuleted demage, The approech used for cel-
culating the fetigue life of a panel is to
determine the stress levels and the distribu-
tion of the stress due to the acoustic excita-
tion. Using thia "stress history" the accumu-
leted damage {s calculeted based on a damage
model and conventionel S/N data. When the
damage reaches a certain value, the panel {is
assumed to have fatigued and th: ti: to fail-
ure 18 calculated baaed c¢n the know: response
frequency. The method requires knowing the
stregsa ‘evel, stress distribution, panel fre-
quency, damage model, S/N data and excitztion
power spectrum,

The linear "single mode approach" (1, 2,
3) for calculating the stress in panels sub-
jected to random acoustic excitation is com-
monly used and relies on the followlag assump-
tions: 1) the panel reaponse is primarily in
the fuadamental mode, 2) the acoustic excita-
tion 1s fully correlated over *he panel, 3) the
input pressure spectral density is cssentially

o 3 e

b s
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constant around the fundamental frequency, and
4) the mode of -ribration Is the same as th:
deflectud shape for a uniform pressure, Ia
addition to thuse general aasumptions, the
boundary condition of riveted panels is




generally assumed to be fixed.

The equation based on the single mode
assumption fov computing RMS Stress, ¥ , is

" « ;
o - -
7 an Sp Ko (1)

where £, = panel natural frequency, Sp = pres-
sure spectral density, Q = dynamic amplifica-
tion factor, and K, = maximum stress for a
uniform pressure of unit magnitude. The linear
method further assumes that the stress peaks
have a Rayleigh Distribution and uses conven-
tional S/N data to calculate the damage accumu-
lation., Miner's rule is commonly used which
assumes that the damage is linearly accumula-
ted based on a ratio of actual cycles used at

a given stress level to the total number of
cveles to fallure at that stress level as ob-
tained from S/N data. VWhen the response dis-
placements and stresses are -mall, test data
has indicated thut the Rayleigh Distribution
and cumulative damage rule give reasonable
cstimates of the fatigue life.

NONLINEAR EFFECTS

However, when thin panels are exposed to
high intensity random acoustic excitation, the
panel may respond with large displacements,
For displacements beyond the linear range mem-
brane stresses are induced that cause the panel
to be stiffer than predicted by the linear
theory and consequently the actual stresses
are less than predicted by the linear theory.
Test data for such cases have verified that
the stress peaks have a distribution skewed
from a Rayleigh curve, (4). Since the stress
levels are .iess the damage accumulated will be
less than predicted by the lipnear theory and
the panel will survive more cycles to failure,
The nonlinear cffect actually prolcngs the
fatigue life of a panel and the linear calcu-
lations can be overly conservative.

A recond problem can result fn using
Miner's cumulative damage rule for large
stresses since the common S/N data must be
extrapolated into the low cycle/high stress
region of the S/N curve. The ordinary extra-
polation for the linear method is made to the
statlc ultimate stress value for onc-half
¢vele, lowever, reference (5) indicates that
a better estimate of the true ultimate for low
cvele Catigue can be made by extrapolating the
S/N data on a log-log plot to the one-half
cycle point, This extrapolation results in a
much higher value of ultimatc stress than the
static ultimate and when used in the accumu-
lated damage calculations results in a less
conservative estimate for the low cycle fa-
tigue of a panel,

APPROACH

The approach proposed to calculate fatigue
life of panels exposed to high intensity acous-
tic excitation is based on extending the linear
gingle mode approach to account for the two ef-
fects discussed above, The large displacement
effect 18 accounted for by assuming that the
fluctuating pressure peaks (not stress peaks)
follow a Rayleigh distribution and calculating
the corresponding stress distribution using non-
linear plate equations that include the effect
of large displacements, (The non-linear effect
on panel fundamental frequency and damping is
not included), This calculation produces a
skewed stress distribution which 1s used in
Miners damnge rule with the S/N data to esti-
mate the fstigue 1life, The second effect is
accounted for by using a log-log extrapolation
to the low cycle region on conventionally
available high cyele S/N data,

The basglc steps of the linear method are
well cstablishod and can be performed by hand
calculations or implemented on a digital com-
puter.  The extension to include the two ef-
fects 1is best discussed in terms of the indf-
vidual steps of the calculations which the
following describes. The method hae been im-
plemented on a computer program and is listed
in the appendix.

1) Compute Natural Frequency

The formulas used in the program for com-
puting the panel natural frequency were taken
from reference (6)., The program assumed
clamped boundary conditions,

2) Compute RMS Pressure

The RMS pressure, Ppmg, is calculated
using the equation

Peys ™ ‘/w/z £.Q sp : (2)

where the terms ave defined previously, The
acoustic spectrum is input-to the program in
1/3-octave values and the program {nterpolates
based on straight lines on a-linear (db) log
(frequency) curve. The pressure spectral den-
sity values are computed: assuming the’ calculated
panel natural frequency is the center froquency
of a 1/3-octave band. The relation of center
frequency to 1/3-octave bnnuw1dth is described
below: ; .

. fo " e . S F s
o= L2889 (3)
L ‘ o

,,

where fL = lower frequency and fu = higher fre-
quency of the 1/3 octave band Also 2

'l
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fo= £ f (4)

where fo = the center frequency (in this case,
the natural frequency of the panel). Using
this relationship, it can bc shown that the
bandwidth (BW) can be cxpresscd as

BW = fH - fL =0.23 fc (5

The program selcets the range on the input
acoustic curve that encompasses the natural
frcqueney as shown in the skctch:

db
m

db

dbn

db (linear)

1 |fm

Frequency (log)

The db level at fi(dbi) is then computed as

dbm - db
db, = | =Bt | 155 £ /£ +db

i logyg £n/fn 10 "i""n n
The pressure spectral density (Sp) used in
equation (2) can be expressed as

7% psi) [ aby/10 %)

S = T0L235 8,

3) Compute Stress Values

Formulas uscd for computation of the
bending and membrane stress and displaeement
were taken from (7). The only modification
to the basic eguations was an allowance to
compute maximum static strecs based on a maxi-
mum fiber distance (fiber distance of panel
thickness divided by 2 used in basic equa-
tions).

4) Interpolate S/N Data

The S/N curve supplied is interpolated
based on straight lines on a log-log curve.
For example, assume the following inpuc S/N
curve:

¥
28
g : e — —
: n : !\
| 1
Nn Ni Nn

Cycles (log)

The program selects the range on the curve
based on S;, which, for this case, would be
Sp to Sy, and computes N; based on

1 N [1"8 O/ )] (s./S)
8 - wog. . ( S
10 i loglo (Sm/Sn) 101" "n

+ log), N (8)

if the computed value on N, is less than 0.5
indicating a stress level éear the ultimate
stress, the program uses Ny = 0.5,

5) Calculate Damage

The program computes fatigue life based
on thce cumulative damage criteria:

n
- J -
Dm Z Nx 1.0 at failure 9

where n, and N, are applied and allowable
cycles at a given str:ss level. Assuming a
Rayleigh distribution of peaks, the probability
of occurrence of a pressure peak at sigma lcvel
x is

P(x) = x exp (- g ) (10)

where P(x) equals fraction of the total nu. .1
of cycles. The pressure peak is then equalcyd
to stress levels using membrane and bending
theory. Essentially, the pressure peaks fol-
low a Rayleigh distribution, but because oi
nonlinear rembrane effects, the stress dis-
tribution is not Rayleigh. It can be shown
that the numbe: of random cycles to failure i:

@ A S, O iy
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siats equation is the basis for the fatigue- The listing of the program ia given in

1ifc computation, The program performs a the appendix. The run time per case is ap-

aumerical integration on proximately 2 scconds., The computer program
input consists of panel geometry and struce
tural properties, 1/3-octave acoustic spec=

T oy trum, and material S/N data. The output
X X (12) includes panel natural frequency, preasure
N spectrum density, rms pressure and displace-
0 * ment, cycles to failure, time to failure, and
a damage table, The input format includes the
option to repezt information from the previous F]
using sigma values (x) from 0.2 to 5.0 with case and change one input purameter at a time,
dx = 0.2, With the value of Ng, the time to The format c¢f the input is shown in Table I.
failure (tg) is computed as
{
te = £ Ny 13)
Table I ’
PROGRAM INPUT DA1a !
N .
!
Input Format
1. NCASE = Number of cases I5 i
} 2. ICK = Code for repeating panel data (repeat if
) ICK = 0 muat not be 0 for 1gg case) 15
| 3, ES, EL, I, E, R, ¥I, Q, D = Short side, long side, 10X, Y
thickness, modulus of elasticity, Poisson's ration, 3E17.8, i
weight per unit area, amplification factor, dis- E15.8 3
l tance to extreme fiber. (Will use previou: data &
| 1f 1CK = 0.) }
{ 4,  JCK, DBINC = Code for repeating acouatic data if 15, 5X, ;‘f
equals O (if not, JCK equals number of input points E17.8 %
on acoustic curves), DBINC incremental db value to &
be added to initial input curve (this allows for "”3
increasing the original 1/3-Octave acoustic curve L
without repeating the input data), 4
X 5. PBsD (J,1), [SD (J,2) J=1,JCK 10X, ;
PSD (J,1) = Frequency 2E17.8 -
PSD (J,2) = db value ’
(will use previous data plus DBINC if JCK = Q)
6. KCK, SNINC = Code for repeating SN data if KCK 15, 5X,
equals 0 (if not, KCK number of input points on €N E17.8
curve), SNINC incremental number to be multiplie. '
times the initial input curve (this allows for in-
| creasing the initial SN curve without repeating
H input data).
7. SN (K.1), SN (K,2) K=1,KCK 10X,
SN (K,1) = Stress 2E17.8
SN (K,2) = Number of cycles
2 (will uae previous data times SNINC if KCK = Q)
If NCASE equals 1, this ia the last input.
Fcr next case go to 2 and repeat.,




TEST VERIFICATION RESULTS

The 1ethod deacribed in this paper and the
computer program were verified through compari-
son with test resulta availabie from previous
scoustic tests, The results are cowmpared for
twelve panels from two different tests and are
aummarized in Table II, The teata were per-
formed on two Titan II 10 foot diameter skirt
sectiona of .040" thick aluminum skin riveted
to vertical longerons and horizontal frsmes,
the spacing of which definea the panel sizes,
The acoustic overall sound pressure levela

In the first aet of panels in Table iI,
the failurea occured from 210 to 360 seconds.
The num!~r of cycles to failure range from 2.4
to 4.2 x 104 cycles which ia in the lower range
vwhere S/N dota ia commonly meaaured, This
panel configuration was analyzed using both
the linear and non-linear methods (the linear
method also used the log-log extrapolation of
the S/N data) and the non-linear method pre-
dicts a result that ic in the range of failure
and conservative. The linear method with log-
log S/N extrapolation predicta a time to fail-
ure that is conaervative by *w~o ordera of

W

b B e, B i,

(OASPL) were 163.5 and 164.5 db and the input
Y spectrum ard responae frequency of the panela
were measured, (The acoustic spectrum ia re-
quired to be input to the program to determine
the one-third octave level in the region of
the natural frequency.) The excitation wss stresa well into the non-linear range to pro-
applied in bursta lasting for 30 aeconds for duce failure. %
the 164.5 db level and for 120 seconds for the :
163.5 db level test. Cracks were noted in the The sacond aet of panela failed from 840
panel sectiona and the test completed when all to 1500 seconds or in 6.6 x &% to 1.2 x 10°
6 panels exhibited a crack. ¢ycles. The predictions were again botk con-
servative,

magnitude, The linear method with an extra-
polation to the st tic ultimate stresa predicts
that fuailure will cesult in 1.4 cycles or .012
aeconds, The linear method for thia case ia
not reasonable aince the answer requires a

N i
Table II
) COMPARISON OF TEST AND ANALYSIS RESULTS FOR
) FATIGUE LIFE OF PANELS
Test Parametera Test Reaulta Analysis Results é
Linear (Log-Log S/N) Non-Linesr #
Panel Time to Time to %
. Type and Material Input Frequency | Time to Frequency | Failure | Frequency {Failure §
i Geometry Acoustics (Hz) Failure (H2) (sec) (Hz) (aec) &
’ 6 Panela 2014-34 | 164,5 db 118 6 Panela: 120 3.8 120 170
i, of Miasile Alumirum| OASFL 210
0= Skirt, to
L3 Longeron/ 360
s - Frame Seconda
! Construction
] 8.7x21.5
x.04"
s Y 6 Panela 2014-T6 | 163.5 db 78 6 Panels: 79 17 79 470
: of Miasile Aluminum}] OASPL 840
Skirt, to
Longeron/ 1500
y Frame Seconds
. Construction
11,.9x15.6
x,040




CONCLUSIONS

An extcnsion of the widcly used "single
mode method" for estimating fatiguc 1ife of
pancls subjected to random aeoustic excitatien
has been developcd, The basic changes involve
a first order correction to include non-linear
(membranc) effects on stress computation and a
improved description of loyw cycle/high stress
S/N data, Excellent agrcement with test datg
for metallic fra.es, stringer panels was ob-
taincd using the modified method and with the
mcthod that ‘.acorporates only the $/N data ex-
trapolation technique, However, the test re-
sults were for failures in the 194 cycle range
vhere th2 large dcflections are less pronounced,
Ir fact, the proposed method will approach the
lincar method above the 106 eyele range, For
Pancls eonfigurations where large dcflection
would occur (less than 103 eyeles) the proposed
method would be most applieable, The safest
approach is to use bot}: me thods Jeseribed above
and eompare the cyeles to failure and base the
Judgement on the order of magnitude numbers,

In any analytical prcdiction of fatigue, the
answer ean only be used as an order of magni-
tudc estimate and the actual configuration
should be verified by test if the estimate is
at all questionable,

it TP e
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APPENDIX

NPAR COMPUTER PROGRAM LISTING

PROGRAM NPAR(CINPUTOUTPUT»TAPESZINPUT»TAPEG=OUTPUT)
NPAR = NONL INFAR PANEL ACOUSTIC RESPONSE

PROGRAM COMPUTES FATIQUE LIFE OF FLAT ISOTROPIC PANELS
SUBJECTEO TU ACOUSTIC EXCITATION

COMBINATION CF BENDING ANO MEMBRANE THEORY (LARGE OEFL.)
CLAMPED PANELS ONLY IFIx=2

ANALYSIS USES SINGLE MOOE APPROACH AND MINER CUMULATIVE
DAMAGE CRITERIA

PAUL JONES 4/72

OIMENSION PSO(2092)9ALAOB(1]1)9BTAOB(11)9COEF(1))
C AL(2911)98BT(2911)9A08(2)9SN(2042)

OATA XG/1.506/
DATA XH/1.248/
DATA XJ/1.248/
OATA YG/1.506/
OATA YH/1.248/
OATA YJ/1.2648/
OATA AL/O.’o.’.l650.28'.25'.51V05900825008°'l00100950102.0

. looeflo‘°'lol9'l050'10280lu63'lo3801072'l05‘0l086/
DATA BT/0,90093e¢805¢7506690911e12014,702003002140027.:492645935400
* 3165041000362+ 47.0040,6952.5985,0057.6953.5167,07

OATA AOB/1.91.5/
OATA COEF/00912:¢59025¢950¢975¢9100,6125¢915064917549200,92504/

1001 FORMAT(I595X9e3E17.8)

1002 FORMAT(10X93E17.8¢E15.8)

1003 FORMAT(/9SXe40HNAT FREQ OUT GF BOUNDS OF INPUT SPECTRUM)

1004 FORMAT (10X92E17,.8)

1005 FORMAT (/95X 9 30HPANEL NATURAL FREQUENCY EQUALSsZ2Xs1E15.8)

1006 FORMAT (/95X932HPRESSURE SPECTRAL OENSITY EQUALS2%91E15.8)

1009 FORMAT (/95X 919HFMS PRESSURE EQUALS92Xs1E15,.8)

1010 FORMAT(/95%923FRMS OISPLACEMENT EQUALSs2r+1E!15.8)

1011 FCRMAT(/9SX937HCYCLES T0 FAILUKE (DM=1,) EQUALS+2X91E15.8)

1012 FORMAT(/9SXe)SHTIME TO FAILURE+2X91E154892X9 7THSECONDS)

1013 FORMAT (1H] 9//4+23HOUTPUT DATA CASE NUMBFER2Xs1I5)

2002 FONMATLIOX G PELT )

2000 PURMAT (792 c« 2AHCUMMUL aTIVE NeMAGE T/BLE)

2001 FORMAT (/9) wXo9ii3iGMA (X)ol1A99013T2ED5 X o FXs%tiF (A s L3Xe4HN(X)
®1IXsGHP (X)) /N(X))

3000 FORMAT(/+SXelOQHINPUT DATA)

3001 FORMAT ((3X913HSHORT SIOE = +1F15.8914H sLONG S1DE = +1F15.8)

3002 FORMAT/13Xe12HTHICKNESS = 91F1548+20F »MODULUS OF ELAS = -

11F15.¢8)
3003 FORMAT (13X el THPOLSS101S KATIO = »iFi%,3v16H +WEIGHT/AREA =
LIFLS «B)
3006 FOFMAY (13X g cHANs 16T AT O FACT = 91F)15.893H oF1X COLE = o15)
3005 FAORMAT(13Xs10HDR TC& = «qFiL.oe’? Y §SN INCR = 91F15,.4)

READ NUMBER OF CASES
READ (591001 )INCASES

00 99 I=1sNCASES
WRITE(6s1013) 1
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C LENGTH 9F SHMORT EDGE+LENGTH OF LDNG EDGE+ THICKNESS+MODULUS DF ELASTICITY,
C PDISSONS RATIDIWEIGHT PER UNIT AREA.OAHPING(O)ODISTANCE TO EXT, FIBER
C READ STRUCTURAL PANEL DATA (USE PREVIDUS DaATA IF ICk=0)
REAO(SO]OO])ICK.FREO
IF(ICK.EQ.0) 6O TO 10
REAOlSolOOZ)ESoELoToEoRo&ToOoD
IFIx=2
C
C READ INPUT aCOUSTIC SPECTRUM (USE PREVIDUS DATA IF JCK=0)
C SPECTRUM MUST CDVER EXPECTED PANEL RESONANT FREQUENCY
C READ INPUT ACOUSTIC SPECTRUM (USE PREVIOUS DATA IF ycKk=0)
C SPECTRUM MUST CODVER EXPECTED PANEL RESDNANT FREQUENCY
C 173 DCTAVE LEVELS DB VS, FREQ (LINEARILDG)
C JCx EQUALS NUMBER DF POINTS ON INPUT SPECTRUM
c

C DBINC EQUALS INCREASE (DECREASE'DOVER INITIAL 1/3 OCTAVE CURVE.

C OBINC = 0 FDR FIRST CASEs IF JCK NOT EQUAL TD 2ERC (CASE 2+ETC)
C THEN DBINC SHOULD BE ZERD.,

C

10 READ(5+1001)JCKyDBINC

IF (JCK.NE, 0)KCU=JCK

IF(JCK.EQ.0) GO TD IS

READ(SoIOO‘)((PSD(JoI)oPSO(JoZ))oJ'loJCK)
c
C READ INPUT CONVENTIONAL SeN DATA (USE PREVIOUSDATA IF KXCk=0)
C STRAIGHT LINES ON LOG-L0G PLOT STRESS=N (LOW STRESS FIRST)
C KCK EQJALS NUMBER OF POINTS ON SN CURVE
C

C SNINC EQUALS INCREASE (DECREASE) OVER INITIAL SeN CURVE. SNINC = I,
C FOR FIRST CASE., NUMBER 0OF CYCLES = NUMBER OF CYCLES INITIALLY eSNINC
C

15 READ(5+1001)KCKySNINC
IF (KCKoNE,0) XXCaKCK
IF(KCK.EQ,0) 63 TD 16
READ(5+1004) (¢ N1Jo 1) 9SN(Us2) ) s gu]vKCK)

C WRITE OUT INPUT DATA
16 WRYTE1643000)
WRITE(6+300)) ES,EL
WRITE(6+3002) TE
WRITE(6+3003) RywT
WRITE(6+3004) QoIFIX
WRITE(6+3005) DBINC,SNINC
C
C COMPUTE NATURAL FREQUENCY OF PANEL
c
IF (FREQ .GT, 0.0) G0 TD 18
FPRZIXG”‘0(YG'EL/ES)"OO(2.'(EL/ES)"Z)'
» (REXMEYHs (1, =R) #x oY )
FPr=FPFr2ee 5
FR&G'(FPR'£7"X.5)'3.1616/EL"2)“((E'S.u#Z/(NT'(I.-R"Z)))".5)
C
C INTERPOLATE INPUT ACOUSTIC DATA OBTAIN PRESSURE SPECTRAL
C DENSITY VALUE AT NATURAL FREQUENCY = LINEAR INTERPOLATION
C
18 1CK=KCy-1
20 DO 30 K=l.ICK
FRIzPSD (Ky 1)
FR2zPSD(X+141)
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IF(FREQOGEFRL.ANDJFREULELFRZ) GO TO 35
30 CONTINUE
WRITE(6e1003)
60 TO 99
35 ALP=ALOGlO(PSO(K*le1)/PSD(Ke]))
ALPHAZALOGIO(FREQ/PSD(Ke1))
DRPALE(PSD(Kel'e2)=PSD(Ke2) ) Z7ALP
DA=NBPAL®ALPHA+PSD(Ke2) ¢ DRINC
Bw=,235¢FREW
PS12=(8,.58E=18:%(10,%*(NB/10-")
PS=PSI2/bw
c
C INT_POLATE DISPLACEMENT AND STRESS COEFFICIENTS
C FOx a/8 RATIO
(o
RAT10=EL/ES
ABl=A08(1)
AB?=AQB(2)
DO 45 J=l,ll
N=J
IF(RATIO0.GT.AB2) GO TOU 40
BTAOB(N)=(((BT(2sN)=BT(1eN))/(AB2=AB]1))* (RATIO=ABL) )
L4 BT (1eN)
ALAOB(N)=( ((AL(2sN)=AL(1eN) )/ (ABC-AB1))*(RATIO=AB1) )
L4 AL (1+N)
GO TO A4S
40 BTAOB(N)=BT (24N)
ALAOB (N)=AL (24N)
45 CONTINUE
(o
C COMPUTE RMS PRESSURE AND DISPLACEMENT
(o
RMSPRE (1.57*FREQ®*PS*Q) #* 5
COEFF=(RMSPR® (ESe#4) ) /(E®(Teeg))
DO 46 Jsl.10
CO1=COEF (J)
C02=COEF (J+1)
N=J
IF(COEFF.GE.COl sAND.COEFF,LE.CO2) GO TO 47
46 CONTINUE
47 ALPHA= (((ALAOB(N¢]1)=ALAOB(N})/Z(C02=CO1))*(COEFF=CO1))+
. ALAOB (N)
RMSDS=ALPHA®T
(o
C COMPUTE FATIQUE LIFE OF PANEL
C ASSUME RAYLEIGH DISTRIBUTION OF PRESSURE PEAKS
c
WRITE(642000)
WRITE(6+2001)
DELTAS=.2
SIGMA=0.0
SUM=0,0
II=KKC=1
DO 65 K=1425
SNF1=SN(1l+1)
SIGMA=SIGMA+DELTAS
PROBS=SIGMA®EXP (=SIGMA®#2,/2,.)
SIGPR=SIGMA®RMSPR
COEFF=(SIGPR® (ES##4) ) /(E®(T#%4))
DG 48 J=1+10
C01=COEF (J)
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C02s8COEF (yel)
Nay

IF(COEFF.GE.COI.ANO.COEFF.LE.COZ) GO To &9

48 CONTINUE
49 BETA'(((BTAOB(NOI)-BTAOB(N))/(COZ-COI))’(COEFF-COI))O

50

55
60

65

c

> 8TA0B(N)

SIGST-BETA'(E'(T"Z)/(ES"Z))
IF(SIGST.LE.SNF]) GO T0 Ss

00 S0 usl, 1t

Nsy

SNF1=SN(Js])

SNF2aSN(J+1y])
IF(SIGST,GE.SNFI.ANO.SIGST.LE.SNFZ) G0 TO 60
CONTINUE

6O TO 60

N=]

ALPI(ALOGIO(SN(N01oZ)/SN(NoZ)))/(ALOGIO(SN(N'lol)/SN(Nol)))

TLQGN.(‘LP.(‘LQGIO(SIGST/SN(N'I))))QALQGIO(SN(N'Z)’
IF (SNINC «EQ, 0.) SNINCs=],0

TN'IO...TLQGN.SNINC

IF(TNLT,05) TNa,S

PON=PRORS/TN

lRITE(6'2002)SIGNA'SIGST'PROBS.TNQPON
SUMSSUMSPON®DELTAS

FLCY=],/SuM

TFLeFLCY/FREQ

C PRINT DATA
c

99

WRITE(6+1005) FREQ
WRITE(6+1006) PS
WRITE(6+1009) RMSPR
WRITE(6+1010) RMSOS
WRITE(691011) FiCY
WRITE(64+1012) TFL
CONTINUE

END
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STUDIES ON THE DYNAMIC IMPACT OF JET ENGINE BLADES

A i,

C. T. Sun! and R. L. Sierakowski?
National Research Council Senior Research Associates
Air Force Materials Laboratory
4 Wright Patterson Air Force Base, Ohio

The foreign object damage of jet engine fan and compressor blades
is studied considering the flexure-torsion viorations of a discretized
mass model. A trangient vibration problem is solved with initial
velocity conditions used to simulate the dynamic loading conditions,
A parametric study of numerical resgults of bending and torsional
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discussed in detai],

vibration of titanium and boron-a

luminum blades is presented and

INTRODUCTION

As a consequence of improving the perform-
ance of jet engine Systems, the introduction of

studies on the impact resistance and fracture

of plate type composites have been discussed
in [2'4] .

T e g

§
high performance composite ‘ype materials for Less consideration has been focused on i
jet engine fan compressor blade applications obtaining data on the magnitude of the dynemic :
has been considered. The potential use of such stresses produced during impact on blade ¥
materials introduces a wide variety of materials. In order to understand and evaluate 3
challenging new technological problems ranging potential candidate materials to withstand 4

from blade fabrication techniques to examining
mechanical properties changes occurring
during use in varied environments. One area
of principal concern relates to the response of
such blade materials when subjected to
dynamic loadings caused by ingestion of stones,
ice balls and birds. Such impact type loadings
are classified under the general area of foreign
object damage wiih such objects creating
localized or far removed failures. Localized
damage is usually of the cratering or penetra-
tion type while that Produced at far removed
locations is uUsually the result of dynamic
Overstress or wave interaction.

Some recent analytical studies related to the
Wave surface shape and speed during impact of
composite plate materials have been discussed
in [1]. In addition, some limited experimental

—e———  ma——

l. On leave of absence from Iowa State University.
2. Present address: Department of Engineering Science and Mechanics,
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impact damage, it is desirable to develop
characterization techniques to identify
importunt material Teaponse parameters.,

Such data ie needed to systematize and classify

testing techniques to reproduce and evaluate
candidate materials.

In the present investigation four types of
compressor blade materials have been studied
including stainless steel, titanium, boron-
aluminum, and graphite-epoxy. Numerical
results for the firat and second natural bending
frequencies, tip displacement, and maximum:
flexural stress are Presented as a function cf
engine speed 0, and the first torsional
frequency, maximam angle of twist, and maxi-
mum torsional stress as a function of a geo-
metrical parameter ¢ considering a fixed strike
velocity, A Tesponse comparison between a

University of Florida,
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geometrically similar boron-aluminum and
titanium blade i8 discussed.

ANALYSIS

For initial study, an examination of the
dynamic respons~ of blades subjected to
impacting objects of sizeable mass relative to
the blade mass is considered. The discrete
mass model developed takes into account com-
bined bending, torsion and centrifugal loading
and is formulated using Lagrangian mechanics.

An overall view of a typical fan blade
assembly is shown in Figure | and a schematic
of the geometric configuration used in the
analytical formulation is shown in Figure 2.

Figure 1. Overall View of Fan Assembly”

For model purposes the blade has been con-
sidered to be a cantilever beam with lumped
masses placed at selected spanwise stations.
A further division of the mass distribution
along the blade chord has been made to account
for eccentricity between the blade center of
gravity and elastic axis.** The geometrical
notation used is shown in Figure 3. The kinetic
and potential energies for the homogeneous
blade configuration as shown in Figure 3 and
defined in terms of the generalized coordinates
yi and ¢, are given below:

* Courtesy of United Aircraft Corporation

Figure 2. Schematic of Fan
or Compressor Blade

Center of
mass

Figure 3. Geometrical Beam Notation

** One approximate method to determine the
chordwise mass to be placed at elastic axis
and center of gravity, respectively, is to
use a weighted mass distribution and the
percentage of the static moment about geo-
metrical profile of the chord.
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The last term in (2) represents the contribution
of centrifugal force due to engine rotation,

In the present analysis, the influence of
damping has been neglected. The governing
equations of motion arc then obtained using
Lagrangian mechanics.

dfaL ) oL
dt i = 0 (3)

aék 3q,

Since, for the blade geometries considered, the
shear center is very close to the centroid of
the blade, (i.e., e; is very close to zerc) the
flexural-torsion coupling is small and each of
the motions has been considered independently.
In this case, Yi and ¢; in (1) become uncoupled,
The kinetic energy T can then be expressed as

n
1 . i s.‘ (1)
= E E i+ Lin)z +-2'{:Jlmg Czd)

4)

In equation (4) it is to be noted that a pseudo
geometrical dimension ¢; has been included.
This has been incorporated in order to calcu-
late uncoupled torsional vibrations. (See
Figure 4.)

A typical equatior. of motion for bending is
then given by

L Z kyyyy +my 0% = 0 (5)

and for torsion by

n
+ h m (6)
)=l

(i)

Equation (6) shows that the engine speed {] has
no effect on torsional vibration. This fact is
nearly true when the counling effect between
bending and torsion is very small. Consider-
ing harmonic motion the eigenvalues and eigen-
vectors for the system are obtained by setting
the determinant of equntions (5) and (6) cqual
to zero separately.

T2 -
I kij w 6ij| 0 (7
for bending and
- o _
Ihij-uBijI—O (8)

for torsion. In equations (7) and (8) the m, L0
and c. have been incorporated into the kxi and
h1 for convenience. Equations (7) and (%) rep-
resent the standard eigenvalue problem

Once the eigenvalues and eigenvectors have
been obtained, the transient vibrat.on nroblem
can be studied. In the present analysis, the
impact event has been incorporated as an

deformed
position

_l_ m(;l) m(l) S m;

/

undefcrnad
posit.o

Figure 4. Cross Section of Symmetric
Uncoupled Bending- Torsion Geometry
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initial conditien. The gencral solution is thus
wiven hy " Al

n

iy S on beoy! e .
;‘ 2 i ,ﬁ{)(m’. cos .t

e !

(%
n i sinugt
L3 e g
s=1 8
where
R R n |
[P} = = s : (1)

In Egnation (10). "os] a colims atr.x. rep-
resents the sth colurin of tie inodai mairix i @]
and [¢5] T is the transpose of [ ]|. In addition,
an upper bound rcsponse has heen calculated by
taking the maximum values of the triconemetric
functioas and assuning these to occur simul-
taneously.

RESUL TS AND DISCUSSION

Althoagh several materials have been
cxamined, data obtained for two of the bladc
materiale considered have beern presented
graphically in Figures 5-10. The two materials
repcesented are titanium and boron-aluminum
with the ycometrical and phys.oal Hroperties of
titaniumr and boron-alumisuni hlades veing
given in Tables | and 2, respectively., Itis
aoted that the arca monents of inertia for betn
blades are not constants along the span. and
this facl has Leen ircorporated o evaluat'ny i
bending stiffness coefficients k..

For the cases considers, ahicet oot tes
been introduced into the reswui‘s thro gh n
initia! welocity condition, I tho nrecent w0 o
a single tmpact velocity of Tl i foc, as el
introduced as a reference, recogmzing that
results for higher velocities can be obtained by
scaling the reference results. In the present
analysis a Rayleigh distribution for the lumped
mass~s has been used in conjunction with a
variahlc geometry blade profile.

In Figure 5 the uncoupled hending frequen-
cies are plotted versus engine speed §) for the
two materials. It is noted that the stiffer
boron-iluminum blade has a natural frequency
in first bending approximately three times
greater than that of the titanium blade.

Figure 6 shows the blade tip displacement
az measured from the elastic axis as a function
of {1. 1t can be seen that the tip displacement
for titanium blades as a function of engine
speed is greater thin the ~orresponding boron
aluminum.  This re-ults in the root bending
stresses shown in Figure 7 plotted versus
enugine operating spced. For the impact situa-
tion considered, (100 ft./sec.) the magnitude
of the stresses shown appear insufficient to
causc failure; however, upward scaling of the
tmpact velocity would result in correspondingly
aiyhor stvesses, resulting in blade failure.
or the case ot torsionalimpact, that is, when
chordwise eccentricity exists between the
center of gravity and elastic axis, calculated
results for uncoupled torsional frequency,
torsional stresses and angle of twist are pre-
sented in Fignres 8, 9. and 10, respectively.
The torsional stresses have been calculated on
the basis of an assumed narrow rectangular
chordwise blade profile based upon an average
spanwise angular displacement., Since there is
lack of theoretical and experimental guidance
regarding the magnitude and location of the
luniped mass m&“ along thc chord, two sets of
data for the two materials studied are shown
and compared. The first case assumes that
60 of the mass is at the blade center gravity
while the second case assumes a 30% distribu-
tien, In cach case we introduce a parameter c
to indicate the chordwise location of mgﬂ
relative to the elastic axis. The torsional
natural {requency torsional stresses and angle
of twist calculated for the:c chordwise mass
distributions are prescnted in Figures 8, 9,
and 10 as a function of ¢ for titanium and
oron-alumiinum blad=s. As expected, when
tne values of ¢ and m‘?” merease the torsional
swresses and the angle of twist increase while
the natural frequencies decrease.

CONCLUDING REMALKS

Pas. o tpon e investigiiton of fitaaiwm and
boron-aluminurn blades, it is observed that the
effect of engine speed {l is insignificant on the
resulting blade stress. This observation is
particularly true for the boron-aluminum blade,
which is stiffer than the titanium blade. In
general, the influence of engine rotation is to
stiffen the blade. However, this influence
decreases as the blade stiffness increases.

It can be seen from Figures 8-10 that the
values of ¢ and n play a very important role in
torsional vibration. As ¢ and/or 7 increase
the torsional stiffncss of the blade tends to
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decrease. A reasonable value of c or 7 can be
determined experimentally, The torsional
mode of vibration, however, is less significant
than the corresponding bending modes.

Finally, due to the light weight and high
strength of the boron-aluminum, its response
characteristics are superior to the correspond-
ing titanium blade.
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NOMENCLATURE
Symbol Definition
1] Engine operating speed
w Blade natural frequency
mfi) Segment of lumped mass located

along blade elastic axis

m(zi) Segment of lumped mass located at
cherdwise c.g. of blade

m, Chordwise lumped mass at elastic
axis

Chordwise lumped mass at center

Coge b
of gravity

m(f) Toial mass lumped at each station
= mf” v m(zi) = Me,a, ¥ M, g,

Y Vertical deflection at il! blade

spanwise station measured to the
elastic axis

Blade twist at it blade spanwise

station measured to the elastic axis

Symbol Definition

Li Spanwise dista=ce between lumped
mass locations to the root of blade

e Chordwise distance between shear
center and c.g. at spanwise
station i

€ Chordwise pseudo distance intro-
duced for an off center mass to
incorporate torsion effects
mii)

2

" —
mit)

h Half chord length

hij Blade torsional rigidity

kij Blade flexural rigidity

T Kinetic energy of blade system
v Potential energy of blade system
C.F. Centrifugal force
DISCUSSION

Mr, Doepker (Babcock and Wilcox Co,):
What wss the relstive impact properties of the
grsphite epoxy blade versus the fiberglass
blade? Was the fiberglsss superior from an
impact stsndpoint?

Mr, Sun: I think the graphite epoxy wss
superior,

Mr, Doepker: Did you perform any analysis

to optimize the-ply layups of those msterials?

Mr, Sun: The lamination effect will be
the third stage.
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A FIME DOMAIN MODAL VIBRATION TEST TECHNIQUE
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fail.

A technique using the frec response to determine a mathematical
model of a structure is developed,
determined from this model. Simulated responses from hoth lumped
and distributed parameter systems demonstrate that this technique
produces excellent results, cven in the prescnce of closcly spaced
natural frequencies and high damping, when frequeney domain methods

Vioration parameters are then

INTRODUCTION

Modul vibration testing is carried out
to dcterminc, cxperimentally, the natural
frequencies and the associated principal
medes und damping factors of stiuctures.

Such tests are often performed either to
verify or to determine mathematical models of
the system heing tested.

Techniques that arc prescntly used in
vibvaticn tests [1-11] may be classified as

"Ureguorey domain' methods. Vibration para-
meter data is extracted from frequency
recpense o formatior iroe. froe Orequency
soemain Y Loas ) oblaseed directss from sine

wave testing, ur from Fourier analysis of
random or transient test results [12-16]. It
is usually necessary to assume that the
structurc being tested has light damping, and
thut tne modes are sufficiently scepuarated

in frequency so that a single degree of free-
dom approximation is adcquatc at the resonant
freyuencies. This aspect of frequency
response tec.niqies is discussed in references
[2,17,18], where it is sLown that the appli-
cation of frequency domain methods to struc-
tures which do not comply with these assump-
tions may lead to serious errors in the test
results.

* Numbers in brackets designate references
at end of paper.

This paper describes the theory of a
technigque in which a 'time domain', rather
than a freyucncy domain model of the test
structure is obtained. The structure may be
driven or not driven; the undriven casc is
simnler, and is the one described here.
Vibration parameters of the structure arc
obtained directly from the time domain model
without the necessity for assumptions concern-
ing the degree of dumping or the spacing of
natural frequencies.

Simulated cxperimental data for a two
degree of freedom spring-mass-damper systcm
s used to comparc this technique with
t1cijuency response methods. This comparison
of results based on 'exact experimental data'
serves to point out that large errors are
possible when using frequency response methods
for systems having closely spaced natural
frequencies, especiully in the presence of
considerable damping, cven when the experi-
mental data is excellent. 1t also shows that,
under the same circumstances, the time domain
technique produces excellent results becausc
there are no assumptions involved in the pro-
cedure of determiniig vibration parameters
from the time domain model.

The possibility of using a lumped
parameter model for obtaining vibration infor-
mation about a distributed pavameter system is
explored. It is shown that the numbeyr of
measurement stations located on the test
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structure should, in theory, be equal to the
number of modes excited in the test response,
Validity is demonstrated by using s: wlated
data for a pinned-pinned beam to identify
four modes, assuming four measurerent sta-
tions on the heam,

THE TIME DOMAIN MODEL

A lumped parameter linear model 1is
assumed tu describe the system te Le tested.
The general equation of motion for the
system is [20-22

MPeCysKy=£". )

, C and K ave the mass, damping, and
stszness matrices respectively; v and f are
the displacement and forcing function vectors.

The time domain model chesen to repres-
ent the system for vibration study is equat-
ion (1) rewritten in the following state
variable form:

Y] fe 1 o
= + f (;‘)
I ) e | 0 -1 =
I B B S E P
or
x=Ax + Bf 3)
where
i
X = . ’
W
2 I
A = )
B T
and
O
B = ,
- n!

The cigenvalues of A are the roots of the
system's characteristic equation [19], hence
the system is completely characterized by A.
The matrix B determines thke system's
response to a particular forcing function f.
This means that B need not be known in order
to determine the vibration parameters of the
system, hence a vibration test method may
be based on the free response only, Such a
test method would be easier to implewent

* Matrices are indicated by underlined
capital letters; vectors are indicated by
underlined lower case letters.

since the need to obtain and deal with
excitation records would b eliminated. The
technique described *n this paper is based
on the determinatior of A using the free
response governed ty

Ao M 4

Fev wosvstem of n lumped masse. A 1s of
dimension 2n x 2n.  Egquation (1~ .ows that
the upper half of A is [o J], hence n x 2n,
oroIn= elements of A need be detcriced in
srder to craracterize the svstem corpletols,

The 2rd unknown clements of A are
determined by noting that at any instunt of
time, ti, equation (4) specifies that the
following relationship must hold between the
accelerarions, velocities, and Jisplacements
of the lumped masses:

()

[

et

= A\ X,
- =i

If the uccelerations. velocities, and dis-
placemer 15 of the n 1unpcd mAsses are aea-
sured a:d therefore kaown at t;, tucn ogua’
(5) reprasents 2n scalar equations in the
clements of \. The equations whicn correspond
to the uper half of A are identities, the
other n ‘qnutlons are linear nor-horageneous
in the 2n2 unknown elements of A, Writing
equation (5) at 2n Jifferent time instants
t]. t2 ... top results in InS linear non-
komogenedus equations in the smknown elolents
of A, hence A\ can be complctely determin

It 75 convenient to write these M2 e ritims
together with 2n2 cquations correspon i ng to
the upper half »f A in the following torm:

[ 25 0 Kyl = Alx) Xy oxy) (@)
or

$=an (7)
whence,

A e Xy

Equation (7) can be solved for A becuuse
all the elements of X and X canm be obtained
from measured response data. The reipenses at
all coordinates of the n degree of fr:cuom
systew must be recorded and digitized at 2n
different instants in time, giving 2n
different displacement vectors. 2a correspond-
ing velocity vectores, and i corxc.pending
acceleration vectors,

In order that the identified A matrix
represent the n degrece of freedom syvstem, all
n uodes must contribute to the response
information used for identification.
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VIBRATION PARAMETERS FROM THE A-MATRI1X

The relation of the vibration parameters
to A becomes apparent by assuming a solution
of the form

xe=y et 8)

for equation (4). 3ubstitution of this
solution into equation (4) results in the
following eigenvalue problem:

Ay=Ay 9)

Hence it follows that the eigenvalues, or
characteristic roots, of A give information
about the system's natural fequencies and
damping factors, and the eigenvectors are

the damped principal modes of vibration. Real
eigenvalues correspond to overdamped modes

of vibration, while eigenvalues corresponding
to modes for which the damping is less than
critical are complex of the generai form

Aj = aj + ibj. The damped and undamped
natura{ frequencies, and the damping ratio
associated with the j-th mode are given by

.= b,
Y47 75 (Y
/"2 2
. = a, b,
“nj IS un
a.
n, = / 12
i /a.z . bjz 12)

Complex eigenvalues occur in conjugate pairs,
with corresponding complex conjugate eigen-
vectors. LCach pair of complex eigenvalues
corresponds 10 a single natural frequency
and damping ratio, and the associated pair of
complex conjugate eigenvectors corresponds to
a single real mode shape.

The undamped principal modes of vibration
may be determined using equation (9) by
setting hflg = 0 in the A matrix,

RESULTS FOR A TWO DEGREE OF FREEDOM SYSTEM

The technique discussed in the preceeding
sections, and various frequency response
methods, are applied here to system response
data which is simulated on the digitul cuuput-
er. 1t is shown that, even with excellent
experimental data, the basic assumptions
made in the theory of the frequency response
methods can lead to serious errors in the
results for systems having close natural
frequencies, especially in the presence of
considerable damping. The results obtained
using the time domain technique are consist-
ently good.

The system that is used as the structure
under test is shown in Figure 1. Results for
the following two cases are presented in
detail:

Case 1: highly damped system with well
spaced undamped natural frequencies

Case 2: 1lightly damped system, with closely
spaced undamped natural frequencies

In addition, results are noted for comparison
purposes for the following two additional
cases:

Case 3: lightly damped system with well
spaced undamped natural frequencies

Case 4: highly damped system with closely
spaced undamped natural frequencies

The system parameters corresponding to the

four cases considered are listed in Table 1,
and the theoretical vibration parameters are
presented in Table 2. 1t is of interest to
note that damped modes for less than critical
damping are complex, indicating that the two
masses of the system do not move exactly in

or out of phase if the system is vibrating in
such a mode.

Frequency Response Methods

The frequency response for each case was
calculated by applying an impulse input to the
system and then calculating the transfer matrix
over the frequency range from 0 to 30 HZ at
intervals of 0.05 HZ. The following quantities
were calculated for use in applying the various
frequency response methods:

Xjj, the in-phase component of the amplitude
at coordinate i due to a harmonic force at
coordinate j.

Yij, the quadrature component cf the amplitu
de at coordinate i due to a harmonic force at
coordinate j.

Ajj, the mndulus of the amplitude at
coordinate i due to a harmonic force at
coordinate j.

Rij» the rate of change of arc length with
respect to frequency on the complex receptance
plot (Xij versus Yij)-

Zi;, the impedance of coordinate i due to a
driving harmonic force at coordinate j.
The frequency response methods employed
are the following:

1) The peak amplitude method [1]

The natural frequencies are assumed to
correspond to the peaks in the plots of Aij
versus the driving frequency.
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2) The quadrature response method [2!

The driving frequency is :>ssumel to be
equal to a natural frequency when the in-
phase component of the response, Xjj, is zero.
This corresponds to a 90 degree phase diff-
erence between the forcing function an. the
response.

3) The maximum quadrature component method

[2]

Resonances are assumed to correspond to
maxima in the quadrature component, Yj;, of
the response. This is the component wﬂich is
90 dugrees out of phase with the forcing
function.

4) The Kennedy and Pancu Technigque [3]

Natural frequencies are assumed to corr-
espond to maxima of Rjj, the rate of change
of arc length of the complex receptance plot
with respect to driving frequency.

S) The mechanical impedance method [5]

Natural frequencies are assumed to
correspond to minima of the plots of impedance
versus the driving frequency.

Frequency response plots for cach of the
above methods are shown in Figures 2 to 8
for cases 1 and 2; the natural frequencies
determined for all four cases are listed in
Table 3. These results show that case 3 is
the only case for which two natural frequen-
cies were detected. The results for this
case show considerable scatter with varying
degree of accuracy for each method used.

The principal modes ror case 3 using peak
amplitude method were found to be (1,0.93)
and (1,-0.832). The errors in these modes
are 8.25% and 12.9% as compared to the theo-
retical damped modes, and 7% and 17.8% as
compared to the theoretical undamped modes.

Time Domain Method

Time response data for the four cases
was obtained by numerically integrating the
equations of motion using the initial
conditions

y(0) =1 ; ¥ () = 0
yp(0) =3 5 y,(0) = 0

The response matrices i and X were obtained
using four response vectors containing
response information at t = 0.0, 0.02, 0.04,
0.06 sec. The vibration parameters obtained
frum the eigenvalues and eigenvectors of the
identified A matrices, calculated using the
method of A.N. Krylov [23] are presented in
Table 4. The percentage error in the
identified vibration parameters are also
listed in Table 4, Since there are no
aporoximations involved in extracting

vitration data from the time domain model,
these errors are due to computation errors
derived in the numerical integration of the
time responses, and in the calculation of
the vigenvalues and eigenvectors of the A
matrices.

DISTRIBUTED PARAMETER SYSTEMS

All physical structures posess distri- '
buted mass, elasticity and damping. Such
structures, referred to as continuous systems
or distributed parameter systems, are descrihed
by partial differential equations and they
theoretically contain an infinite number of
degrees of freedom and hence an infinite
number of frequencies and modes of vibration.
In practice, however, the frequency range of
interest contains only a finite number of
these frequencies. It is shown here that the
time domain method of vibration testing based
on lumped parameter systems, as described in
this parer can be used to obtain vibration
parar .ers of distributed systems when it is
considered that only a finite number of
modes contribute to the response. ¢

The free response of n points, or stations,
on a linear elastic distributed parameter
structure in which n modes are excited is

At

%n
= R e (1%)
2 i 1 Y

B

where p is the vector whose elements are the
displacements of the n stations, R are
constants, yﬁ are the complex modal vectors,
and A; are the characteristic roots. Let it
be assumed that there exists a hypothetical
lumped parameter system with n masses which
move in exactly the same manner as the n
points of the distributed structure. The
response of this hypothetical lumped system
is, then,

.

R e

i

2n
re 1 R v Mt (14)
i=]

1f this response is used to identify the
vibration parameters of the hypothetical n
degree of freedom lumped parameter system,
then, the parameters so determined are also
those of the n modes excited.

In summary, it can be stated that the
time domain method described in this paper may
be applied to distributed structures if the
number of measuring points on the structure
equals the number of modes which contribute
to the measured response of the structure.
The response mcasurements obtained are then
used in the same manner as for the lumped
paramster case.




Results for a Pinned-Pinned Beam

In this section, computed response data
for a uniform beam with viscous damping is
used to identify the first four frequencies
and mode shapes of a beam. The parameters
of the beam are as follows:

Young's modulus (E) 30 x 106 1b/in2
Viscous damping

constant (c) 0.5 1b r~.c/in2
Length (L) 24 in.
Width (b) 3 in.
Thickness (h) 0.5 in.

The equation of motion of the beam is

4 2
. 3 Ay .
El 3;§ _— 5% + RE = 0 (15)

Equation (15) was solved for simply supported
end conditions, with initial conditions chosen
so that only the first four modes were
present in the response. Displacement,
velocity, and acceleration responses at

four stations, located at distances of L/8,
3L/8, SL/8 and 7L/8 from one end, were
calculated for each one-thousandth of a
second from 0.001 sec to 0.009 sec. Thgse
responses were used to construct X and X
response matrices which, in turn, were used
to determine the A matrix, from which the
vibration parameters of the beam, at the four
stations, were obtained. These parameters
together with the theoretical ones, are
listed in Table 5. The results show that the
identified values are essentially exact

except for computer round-off errors.

CONCLUSIONS AND REMARKS

A time domain vibration technique which
can identify both lumped end distributed
parameter systems is described. The method
entails the development of a time domain
model of the system from free vibration test
data, followed by calculation of the system's
vibration parameters using the model. There
are no approximations involved in obtaining
the vibration parameters, so if the
vibration test dats is sufficiently accurate to
produce a good model, the method will give
good results even for structures having high
damping and close natura! frequencies. This
paper describes only the theory of the
technique; *‘.2 practicality of applying it
to real structures is the subject of further
research by the authors.
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TABLE 1 ¥
PARAMETERS OF THF TWO DIGREE OF FREEDOM SYSTEM !
— k]
v I X
[}
i Masses (1b) ' Stiffnesses (lb/in) Damping Coefficients 4
J | {lb.sec/in) !
| Case T f* ' i
i |
, ol [ | ?
, |2 3k LI e T .
r I g ™ 1
1 1 -
| 1 10.0|10.0 | 100.6| 50.0; 100.0 3.0] 2.0 1.0
i 2 10.0110.0 ! 100.0! 1.0 100.C 0.3] 0.2} 0.1
3 i0 g 19.0 2AN.05 S0.0‘ 100.0 0.3 0.2 0.1 |
" 4 1”.|“I 10,0 {00,000 1,00 10C.0 3.0, 2.0 1.0
! | 1 i l
TABLE 2 i
THEORET1CAL V1BRATION PARAMETERS OF THE TWQ DEGREE OF FREEDOM SYSTEM :
|
N Damped Undamped !
i
Case| Mode Nol Frequenc,\'l Principal Damping Frequency Principal
(HD) Mode Factor (HZ) Mode
(yy/yy) (y /¥y
1 -- -0.2719 1.3583 9.8585<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>